I. INTRODUCTION
S OLAR irradiance is typically described as a point source and the circumsolar region is often not considered. The point source approximation is entirely sufficient to model the majority of solar energy systems. However, the onset of concentrated solar power, particularly high-concentration photovoltaics (HCPV), requires revisiting these approximations for applications where the optical input aperture angle approaches that subtended by the solar disk. This resulted in the development of spatially distributed solar flux measurements and derived pre- dictive models [1] , [2] . These require treating the Sun as an extended light source as this allows for more accurate ray trace modeling and the advancement of optical system design for CPV applications. CPV has the potential to reduce the cost of PV [3] - [7] but the commercialization of CPV has been significantly slower than that of the flat plate PV. Its current share of the PV market is much less than 1% [8] . Improved accuracy of the available modeling tools will aid the development and deployment of this technology as uncertainties in the modeling are associated with increased financial risk (and, thus, higher financing costs).
Point source solar irradiance models and solar disk containment models such as pillbox or Gaussian distributions lead to overestimations in the CPV system performance [9] , [10] . Extended light source models incorporating atmospheric paraxial refractions surrounding the solar disk and the formation of the solar aureole [11] better approximate the solar resource and improve the CPV energy yield models, although the inherent overestimation problems still remain in some of these approaches. This paper identifies and addresses the systematic overestimation in CPV optical modeling by means of an improved model for circumsolar irradiance calculation as an extended light source.
II. CIRCUMSOLAR RATIO MODELING
The current standard model for the description of circumsolar irradiation is the circumsolar ratio (CSR) model developed by Buie et al. [1] , hereafter referred to as the Buie model. The model generates a 1-D intensity distribution describing power as a function of angular deviation from the solar center for a given CSR. CSR variation differs with terrestrial location. There is currently little data available on the location-dependent CSR variations, although there are now established measurement efforts to this end [2] , [12] . Such data will prove valuable in CPV system performance predictions. The data on which the Buie model is based were recorded by the Lawrence Berkley Laboratory (LBL) in the 1970s and is freely available in the LBL reduced database [13] .
The CSR is defined as the ratio of power in the circumsolar region to net power in the central and circumsolar regions combined. Thus
This work is licensed under a Creative Commons Attribution 3.0 License. For more information, see http://creativecommons.org/licenses/by/3.0/ where C denotes the CSR, ϕ denotes the solar flux intensity, θ denotes the angular deviation from the solar center, θ Circumsolar denotes the angular limit of the circumsolar region, and θ Sun denotes the angular limit of the central solar disc. The central solar region is essentially the effective size of the Sun due to the Earth-Sun geometry. Measurement of the absolute astronomical unit (au) subtended radial half angle of the solar center is a nontrivial task. Depending on the location of measurement, measurement technique, and measurement time, one will find small variations in the subtended solar semidiameter [14] .
In the modern measurement studies, subtended radial solar half angle averages tend to be quoted around 959 or 4.65 mrad [15] , [16] , which coincides with the average apparent solar semidiameter used by the Buie model.
The apparent solar semidiameter changes with the Sun-Earth distance according to
where δ is the apparent solar semidiameter, d is the diameter of the Sun, and D is the Sun-Earth distance. Due to the elliptical orbit of the Earth about the Sun, there is a ∼3% variation in the apparent solar semidiameter throughout the year from perihelion to aphelion of 4.742 to 4.584 mrad, respectively. Good arguments exist for the inclusion of such variations in extended light source modeling [17] , namely that calculated CSR changes with defined central solar boundaries.
Beyond the solar disk paraxial refraction and atmospheric scattering contribution to the circumsolar region, the circumsolar region encompasses the solar aureole and extends to the start of the blue sky diffuse radiation region. The exact point at which the solar irradiation can be considered diffuse is arguable and different interpretations exist. The circumsolar region may extend somewhat beyond 43.6 mrad, but it is this limit that is used in the Buie model due to the measurement restrictions on the available data in the LBL reduced database [18] , [19] , on which the model is based. Furthermore, due to the exponential fall off of radiation in the circumsolar region with angular deviation from the solar center, contributions beyond this limit may be considered negligible.
The CSR in the Buie model is calculated from (1) as
where θ is the angular deviation from the solar center in mrad. The Buie model establishes the following relationships:
where ϕ norm is the normalized solar flux intensity.
Assuming rotational symmetry, one can utilize this model to develop an intensity distribution as a function of azimuth and elevation angle coordinate pairs. The resultant extended light source distribution facilitates 3-D ray trace simulations and, hence, offers analytical insights into the CPV optical system design.
The Buie model forms the basis of this investigation. This model is empirically derived from a single database of CSR measurements and as such could be considered somewhat biased. However, the analytical methods presented herein can be applied to any solar irradiance distribution model that operates under the assumption of a rotational symmetry.
Although it is known that the CSR variation can impact the CPV system performance, data on location-specific CSR variation are sparse. A probabilistic framework for CSR variation based on the existing datasets has been used in previous works [10] , although it is recognized that this is not an ideal approach. Further, CSR measurement campaigns [2] , [12] are essential for the advancement of small entry aperture, high concentration CPV, and CSP system modeling. The complexity of CSR variability, in particular its relationship to aerosol particles and the chaotic variability of the Earth's atmosphere [20] , means that circumsolar radiation effects are terrestrially ubiquitous. Consideration of this parameter is, thus, important independent of terrestrial location, although time-averaged data for CSR variation from further measurements will provide extra insight as to terrestrial variation and regions of particular sensitivity.
III. EXTENDED LIGHT SOURCE SUNSHAPES
A volumetric analysis of extended light source sunshapes over the beam irradiation incident angle range allows for an investigation of relative intensity contributions confined to specified areas of sky. Hence, the sunshapes presented herein are displayed in the volumetric form.
Equations (4)- (6) have here been used to generate an extended light source solar profile for a characteristic CSR of 0.3. This CSR was chosen as it is particularly interesting for CPV-an occurring solar profile that is rarely considered in the CPV optical system design. The resultant intensity profile as a function of azimuth and elevation angle as generated by the application of rotational symmetry is shown in Fig. 1 . Fig. 1 shows a surface plot of 1 million random homogeneously distributed mesh points over the full solar profile region as generated by the model. The spatially biregional nature of solar irradiation is clearly visible here, namely in the differentiation between central solar and circumsolar regions. A significant drop in radiation intensity can be seen at the transition from the central solar region to the circumsolar region. The circumsolar region is volumetrically significant despite the sharp intensity drop. The area contribution of the circumsolar region is much larger than that of the central solar region.
It is possible to check this model by means of geometric interpretation. By considering the solid angle within which the model operates as a circular boundary in an xy plane, and the power at a given angular coordinate pair as an associated z value, the net power within a region of space is computed as a volume integral over the correspondingly confined xy space.
By definition, for the above solar profile, the ratio of volume over the circumsolar region, as defined in (7), to volume over the central solar region, as defined in (8), should be 0.3. However, the actual model output is around 9% lower than this (see Table I , which has been provided as supplementary material). In [21] and [22] , the model authors note these discrepancies and interpret them as deviations in the model's prediction of the edge of the solar disk. However, it is apparent from (4) that the edge of the solar disk is inherently defined by the model as 4.65 mrad, which is the average apparent solar semidiameter. Moreover, the projected deviations in effective solar disk size fall beyond the physical boundaries defined in (2) . An alternative approach to the model correction is advocated here by means of an input CSR correction. This facilitates output smoothing without the need for unphysical assertions. Empirical correction formulas have been derived, although given their complexity, a correction table is also provided as an appendix
where D Circumsolar is the circumsolar region, D CentralSolar is the central region, x is the azimuth angular deviation from the solar center, and y is the elevation angular deviation from the solar center. The central solar and circumsolar regions, as defined in (6), for an input CSR of 0.3 are presented separately in Figs. 2  and 3 . Fig. 2 shows a surface plot of 1 million random homogeneously distributed mesh points over the central solar region. There is a very slight slope of decreasing intensity in the center with an increase in intensity drop with angular deviation toward the circumsolar region. The resultant volumetric surface is a thimble-shaped distribution. According to the model, the normalized central solar profile is invariant under changes in CSR. Fig. 2 . Central solar region intensity distribution, normalized to a maximum intensity of 1. The enveloped surface is near-cylindrical at center with a significant falloff with angular deviation. Fig. 3 . Circumsolar region intensity distribution for an input CSR of 0.3, normalized to a maximum intensity of 1. If the intensity were in log space, the enveloped shape would be a rotated trapezium. Fig. 3 shows a surface plot of 1 million random homogeneously distributed mesh points over the circumsolar region. The logarithmic intensity decrease with radial distance is clearly visible.
By comparing the volumes of each region as generated by the model, the output and input CSRs can be compared. Numerical analysis is used here for volume calculation; a potential benefit of this method is that it facilitates the investigation of averaging effects due to angular resolution. The process is outlined in the following section.
IV. VOLUMETRIC ANALYSIS
The region volumes can be calculated as triple integrals according to
where A is the area or solid angle, and φ is the power. In the following section, the volumes are calculated by the means of numerical analysis by geometric interpretation.
A. Central Solar Region
The area contribution for a given annular central solar region i is found as
The central angular deviation reference point for the region is found as
The volume contribution for the region is then found from (4) as
The angular step in the numerical analysis is defined by the resolution n as Δθ = 4.65 n .
The total volume of the central solar region is then
where n is large.
B. Circumsolar Region
The area contribution for a given annular circumsolar region i is found as
(15) The central angular deviation reference point for the region is found as
The volume contribution for the region is then found using (4)-(6) as
The angular step in the numerical analysis is defined by the resolution n as Δθ = 43.6 − 4.65 n .
The total volume of the circumsolar region is then 
where n is large. In this paper, a value of 10 000 is used for n as this satisfies convergence to three decimal places.
V. CIRCUMSOLAR RATIO MODELING
The CSR is a useful parameter for the solar concentration system design and performance modeling as it describes the distribution of irradiance. The Buie model uses this ratio as an input parameter in the generation of a spatially distributed irradiation profile. However, the model suffers from some inherent distortions such that the input CSR parameter differs from the output distribution CSR. This limits the usefulness of the model, particularly in the optical system design process. These deviations are investigated here.
The output CSR calculated from the Buie model is compared with input CSR in Figs. 4 and 5 . The CSR range 0.2-0.4 is highlighted as this range is of particular interest for CPV, representing high but occurring CSR values for which extended light source models are required for realistic system performance predictions. Fig. 4 shows that the Buie model generally underestimates CSR. In the CSR region of 0.1 to 0.6, the average underestimation is ∼5%. Moreover, beyond a CSR of 0.1, the maximal underestimation of ∼9% is found in a particular region of interest for the CPV system modeling. For an input CSR resolution of 0.01, the mean and standard deviation of the output CSR are 0.937 and 0.107, respectively.
It is possible to calculate a correction, which will then remove this systematic underestimation. These correction formulas have been calculated by polynomial fitting to adjust to a near 1:1 input-output ratio. These are presented as a bisectional analysis where CSR I denotes the input CSR, and C denotes the desired CSR. Using these polynomials to correct the input CSR in the original model, the output/input ratios approach unity as shown in Fig. 5 . Fig. 5 shows the model improvement by input CSR correction according to (20) . For an input CSR resolution of 0.01, the mean and standard deviations of the output CSR are 1.000 and 0.005, respectively. A clear improvement can be seen. The correction formulas can obviously be further improved in the near-zero input CSR region, although the above will be sufficient for the majority of all applications. The near-zero region is less critical as the impact of circumsolar radiation is relatively insignificant.
Given that the resultant formulas are far from elegant, a correction table is appended for reference. The table provides a set of reference points for the input CSR corrections as generated by (20) . The resolution of appended reference table should prove sufficient for most cases.
Extended light source Sun models are particularly useful for the investigation of sunshape-specific optical effects. The regional dependence of spectral effects is of particular importance in CPV modeling (see Section VII). Given this, it is important that any CSR-specific phenomena or conclusions inferred from these models reference the correct CSR. The correction formula presented here serves to address discrepancies to this end in a popular existing model.
VI. IMPROVED IRRADIANCE HARVEST CALCULATION TEST CASE
Irradiance collection is defined here as that irradiance visible to the primary concentrator, i.e., within the bounds of the primary concentrator lens aperture. It is this irradiance that can be harvested by the concentration system. The irradiance harvest is most notably a function of the optical system input aperture, the solar tracking error, and the distribution of irradiation, as characterized by the CSR.
The irradiance collection versus tracking error versus halfangle input aperture has been calculated using both the original model and the corrected case. A CSR of 0.3 was chosen for analysis and a corrected input CSR of 0.3274 was derived from the appended correction table. Fig. 6 shows the overestimation of the standard model in terms of absolute percentage of DNI. Fig. 6 shows the regions of both overestimation and underestimation of irradiation collection by the standard model for an input CSR of 0.3, with overestimation dominating. An irradiation harvest overestimation of ∼2.3% of absolute DNI is found with an input aperture of 0.25°and ideal solar tracking. For a given input aperture, maximum overestimation is found at ∼ T = A − θ Sun and maximum underestimation at ∼ T = A + θ Sun . These threshold values are the same for any distribution with underestimated circumsolar contributions, although the space between varies.
VII. MODEL EXTENSION FOR SPECTRAL CONSIDERATIONS
The spectral sensitivity of multi-junction (MJ) solar cells is an issue of much concern for CPV systems [23] - [25] . An MJ cell is essentially a series connected set of single-junction solar cells, each with a different bandgap and, thus, responding to a different portion of the incident solar spectrum. The net power produced by a series connected set of electrical generators is limited by the electrical mismatch of the components according to
where P denotes the output power, I min is the minimum operational current of the device set, and V is the device voltages.
This phenomenon is known as current mismatch. Current mismatch is an inherent feature of the MJ solar cell. MJ cell structures are designed for the optimum performance under specific spectra such as the AM1.5D spectrum. The default AM1.5D spectrum, as generated by SMARTS, has a CSR of less than 0.01, which is notably small. However, actual incident spectrum varies with a large variety of atmospheric parameters. In particular, the CSR is notably significantly affected by aerosols and is in fact the principal error source in well-calibrated measurements of aerosol optical depth [20] . The CSR becomes increasingly interesting when considering its role in the spectral variation. A model extension incorporating the spectral variations associated with the CSR is here presented.
The model presented herein is biregional according to (7) and (8) . Due to the different physical mechanisms behind their projection, the central solar and circumsolar regions differ in their spectral compositions. The average photon energy (APE) of these regions is compared over an air mass range of 1 to 6 in Fig. 7 . The data were generated using SMARTS by varying the air mass parameter and keeping all other parameters at the default (AM1.5) values. A 280-4000 nm spectral range was used. The APE of the central solar and circumsolar regions for the AM1.5 reference spectrum is 1.74 and 2.15 eV, respectively.
These region-specific spectral variations cause a corresponding change in the incident spectrum with CSR, as shown in Fig. 8 . The effect is nonlinear, as can be seen from the contour line variations.
The APE is a useful metric for the qualification of spectral variation, although it does somewhat simplify the actual spectral variations, particularly their region-specific nature. This is highlighted in the example of Fig. 9 . The complex spectral dependence of absorption variation is particularly interesting when analyzed in the context of MJ solar cell architecture. An example architecture-specific analysis is given here using a typical triple-junction solar cell. The operational bandwidth ranges of the subcells of a typical triple-junction solar cell optimized for the AM1.5D spectrum are approximately 280-680 nm (1.82 eV) for the top cell, 680-880 nm (1.41 eV) for the middle cell, and 880-1880 nm (0.66 eV) for the bottom cell [26] . As shown in Figs. 10-12 , the variations in incident spectra resulting from changes in air mass and CSR alter the proportion of beam irradiation that falls within the active region of each MJ cell. Moreover, the variable dependencies are significantly different in each region, as evidenced by the dramatic difference in trends.
The top cell spectral band beam proportion has a minimum at low CSR and high air mass and a maximum at high CSR and low air mass.
The middle cell spectral band beam proportion has a minimum at high CSR and low air mass and a maximum at high CSR and high air mass.
The bottom cell spectral band beam proportion has a minimum at high CSR and low air mass and a maximum at low CSR and high air mass. The addition of an spatially distributed spectra to an extended light source Sun model is highlighted here as being a particularly important consideration for CPV optical simulations due to potentially depredatory induced power swings in active subcell bandwidths. Spectral variations with CSR are rarely accounted for in CPV optical simulations today. In order to correctly analyze the system performance under the full dynamic range of meteorological uncertainties, solar distribution models must not only better approximate the spatial distribution of solar irradiation but better recreate CSRs as well. This will allow for an improved investigation of specific optical effects relating to CSR variations, which could prove extremely useful in the evaluation of installation site suitability. The model correction proposed in Section V is, thus, further highlighted.
VIII. CONCLUSION
An input/output analysis of the Buie model has been performed and inconsistencies identified. A case study of the CSR = 0.3 distribution revealed overestimations of irradiation harvest by the standard model of 0.5%-1.5% of DNI for a system operation region commonplace in HCPV systems. Such overestimations are significant enough to play a depredatory role in CPV energy harvest performance predictions. An extended light source distribution model improvement has been proposed and has been shown to give more consistent CSR output. For an input CSR resolution of 0.01, the mean and standard deviation of the output CSRs are improved from 0.937 and 0.107 to 1.000 and 0.005. Significant trend differences for spectral variations in the spectral bandwidths corresponding to the MJ subcell regions have been identified. For the triple junction cell analysis performed here, the sign of the correlation of input power with CSR and air mass varies across the three junctions. The nature of these junction-specific correlations provides further insight into the difficulties of MJ subcell bandgap optimization under varying conditions.
